1.
Introduction. An element a of a ring 9Î is said to be regular if there exists an element x of dt such that axa = a. A ring 9î with unit element, every element of which is regular, is a regular ring>\ In the present note we introduce rings somewhat more general than the regular rings and prove a few results which are, for the most part, analogous to known theorems about regular rings. J Let 9? denote a ring with unit element. If for every element a of 9Î there exists a positive integer n such that a n is regular, we shall say that 9Î is w-regular. In general, the integer n will depend on a. If, however, there is a fixed integer m such that for all elements a of 9Î, a m is regular, we may say that 9î is m-regular. In this notation, a regular ring is 1-regular.
An important example of a x-regular ring is a special primary ring, that is, a commutative ring in which every element which is not nilpotent has an inverse. § It will be seen below that in the study of 7r-regular rings the special primary rings play a role similar to that of the fields in the case of regular rings.
2. Theorems on 7r-regular rings. Let 9Î be a x-regular ring, and 3 its center, that is, the set of all elements commutative with all elements of 9î. We now prove the first theorem: THEOREM 1. The center of a w-regular ring is w-regular.
If a z £> there exists an n such that for some element x of 9Î, a n xa n = a n . Let y = a 2n x 3 . Then, by a trivial modification of von Neumann's proof of the corresponding result for regular rings, || it follows that y is in 3 and that a n ya n = a n . Hence S * s ^-regular. 
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It is a familiar result* that a ring with unit element is reducible f if and only if its center is reducible. We shall use this fact to establish the following theorem : THEOREM 
A w-regular ring is irreducible if and only if its center is a special primary ring.
In view of the remark just made, we only need to show that the commutative 7r-regular ring 3 is irreducible if and only if it is a special primary ring.
It is easy to see that a special primary ring 3 is irreducible. For if 3 is the direct sum of two proper ideals, and 1 =£1+02 is the corresponding decomposition of the unit, then e^O, e? = e iy (i = l, 2), e&2 = 0. Thus ei can be neither nilpotent nor have an inverse, in violation of the definition of a special primary ring.
Suppose now that 3 is an irreducible commutative 7r-regular ring, and that z is any element of 3 which is not nilpotent. We shall show that z has an inverse. For some positive integer n, there exists an x in 3 such that xz 2n = z n . Now xz n ?^0 f as otherwise we should have z n = 0. Let ei = xz n , £2 = 1 -ei. Then it is easy to verify that e^ = e^ 61^2 = 0. If Si denotes the ideal of all elements of 3 of the form ce^ 0 t 3> (*' = 1» 2), then 3 is the direct sum of the ideals 3i and 32-Since 3i 9 e 0, our assumption that 3 is irreducible requires that 32 = 0. Thus 62 = 0, which implies that z has the inverse xz n~x . We now prove the following theorem :
THEOREM 3. In a commutative ir-regular ring 9?, every prime ideal is divisorless.
Let p be an arbitrary prime ideal in 9Î. Then the ring 9?/p contains no divisors of zero and hence is irreducible. But clearly 9?/p is a commutative 7r-regular ring, and hence by the preceding theorem must be a special primary ring. However a special primary ring without divisors of zero is a field, and this implies that p is divisorless. 
Characterizations of commutative 7r-regular and ra-regular rings.
From the preceding theorem it follows* that a commutative x-regular ring is isomorphic to a subring of a direct sum of primary rings, there being in general an infinite number of summands. But a primary ring can be imbedded in a special primary ring, f and we thus have the theorem : THEOREM 5. A commutative ir-regular ring is isomorphic to a subring of a direct sum of special primary rings.
In any commutative ring, if a primary ideal q has the property that whenever a finite power of an element b is in q, then ô m = 0 (q), we shall say that q is a primary ideal of index m. In other words, the primary ideal q Jias index m if and only if x m = 0 for every element x in the radical of 9?/q. It is obvious that a primary ideal of index m is also primary of index k y where k is any positive integer greater than m. A prime ideal is clearly a primary ideal of index 1. We may remark also that if a commutative ring is ra-regular it is also (m +Ir-regular and therefore ^-regular if k>m. 
But for some i, a im = 0 (q), and thusa (i_1)m = 0 (q). A repetition finally shows that a m = 0 (q). Hence q is of index m, and Theorem 4 completes the proof of the first part of the theorem.
Conversely, suppose 9Î is a commutative ring with unit element in which every ideal is the intersection of its primary divisors of index m. Let a be an arbitrary element of 9?. We shall show that there exists It is known f that in an arbitrary ring with unit element every ideal is the intersection of its direct indecomposable ideal divisors. If these are all primary of index m, the preceding theorem shows that 9Î is m-regular.
Suppose 9? is m-regular, and let t be a direct indecomposable ideal in 9Î. Then 9Î/Ï is irreducible and is also m-regular. Thus, by Theorem 2, 9Î/Ï is a special primary ring and t is therefore a primary ideal in 9Î. Theorem 6 then states that Ï is of index m, and the proof is completed. (where p is a prime) and F n (l) = 1 otherwise. For n a power of a prime ai is 1 or 0. In 1883 Migotti § proved that for n a product of two primes ai is ±1 or 0. In 1895 Bang|| showed that for n a product of
